We consider the splitting mechanism of a multiply charged vortex into singly charged vortices in a BoseEinstein condensate confined in a harmonic potential at zero temperature. The Bogoliubov equations support unstable modes with complex eigenfrequencies (CE modes), which cause the splitting instability without the influence of thermal atoms. The investigation of the excitation spectra shows that the negative-energy (NE) mode plays an important role in the appearance of the CE modes. The configuration of vortices in splitting is determined by the angular momentum of the associated NE mode. This structure has also been confirmed by the numerical simulation of the time-dependent Gross-Pitaevskii equation.
I. INTRODUCTION
The discovery of Bose-Einstein condensates (BECs) of alkali-metal atomic gases enables us to make fundamental investigations into superfluidity and quantized vortices. Vortices in BECs have been created in three ways: phase imprinting [1, 2] , optical spoon stirring [3] , and topological phase engineering [4, 5] . By using the third method, multiply charged singular vortices are created in BECs, which have not been achieved in other systems such as superfluid 3 He and 4 He [6, 7] . Recently, Leanhardt et al. succeeded in imprinting vortices in Bose-Einstein condensates by using topological phases [5] . They observed doubly and quadruply quantized vortices in a nonrotating trap. Although such a multiply charged vortex is expected to be unstable and split into singly charged vortices, no obvious splitting has been observed in experiment. Unfortunately, since the center of the external potential changes from a minimum to a saddle in the vortex imprinting process, the vortex state cannot be trapped. Therefore, the fate of the vortices has not been revealed in the experiment.
In a nonrotating trap, the energy of a vortex state increases in proportion to the square of the winding number [8] . When there are some dissipative processes such as scattering with thermal atoms, the multiply charged vortex should split into singly quantized vortices and escape from the condensate. The existence of negative-energy eigenvalues among the excitation spectra shows that the vortex state continuously turns into a vortex-free state without any energy barriers [9] [10] [11] . Then what happens in a system in which all atoms are condensed and scattering with thermal atoms is negligible? Does the vortex remain in the condensate without splitting?
There is another candidate for the splitting instability. For a multiply charged vortex in a BEC, the Bogoliubov equations possess complex eigenfrequencies in certain regions of the parameter space of the interaction strength [12] [13] [14] . This fact means that there is an eigenmode growing exponentially and the condensate becomes unstable against infinitesimal perturbations. Therefore the vortex state is intrinsically unstable.
In this paper, we consider the origin of the complexeigenfrequency (CE) modes and their effect upon the vortex splitting process. A vortex with a winding number L Ͼ 2 may split into various states, while a doubly charged vortex merely splits into a pair of singly charged vortices [14] . We will treat a quadruply quantized vortex in concrete calculations in this paper. In Sec. II, we briefly introduce the formalisms based on the mean field theory. The orthonormal conditions for CE modes are constructed there. In Sec. III, a clear insight into the origin of CE and negative-energy (NE) modes is provided by the collective excitation spectra of the Bogoliubov equation. The possible structures of splitting are also considered in Sec. IV, showing the results of numerical simulations of the Gross-Pitaevskii equation (GPE).
II. FORMALISM

A. Stationary state with a multiply charged vortex
BECs of weakly interacting atoms are well described by the GPE given by
where ⌿͑r , t͒ is the condensate wave function, M is the mass of the trapped atoms, is the chemical potential, and g =4ប 2 a / M represents the strength of the interparticle interaction. We treat repulsively interacting atoms and assume the s-wave scattering length a to be positive. The external trap potential has an axially symmetrical form with trap frequencies r and z as
For simplicity, we assume a pancake-shaped BEC, i.e., r Ӷ z , and fix the z dependence of the order parameter as ⌿͑r , t͒ ϵ ͑x , y , t͒ z ͑z͒, where z ͑z͒ is the normalized ground state wave function of a one-dimensional harmonic oscillator. Then we treat the two-dimensional wave function ͑x , y , t͒ which is normalized to the total atom number N.
It is convenient to introduce the dimensionless time and space variables t= r t and ͑x , ỹ͒ = ͑x , y͒ / a HO , and the normal-monic oscillator length: a HO = ͱ ប /2M r . Energies are also scaled by ប r , for example, = / ប r . Then the GPE is rewritten in a simple form
where ٌ 2 = ‫ץ‬ x 2 + ‫ץ‬ y 2 , r 2 = x 2 + y 2 , =8aN, and we omit the tilde for simplicity. Assuming an axial symmetry around a vortex line, we express the condensate wave function with an L-charged vortex in equilibrium as
where A͑r͒ is a real function and satisfies the equations
The chemical potential is found from the normalization condition 2͐ 0 ϱ r dr͕A͑r͖͒ 2 = 1. We assume L to be positive without loss of generality. The results of numerical calculations for L = 4 are presented in Secs. III and IV.
B. Collective excitations
To study the collective excitations of a BEC, we add small fluctuations to the stationary state as ͑r , , t͒ = ͓A͑r͒ + f͑r , , t͔͒e iL , where f is small and complex. Assuming that the excitations are periodic in with period 2, we expand f into a Fourier series:
Substituting ͑r , , t͒ in Eq. (2) and linearizing with respect to f, one obtains the well-known Bogoliubov equation
where
and Ĥ l is a symmetrical matrix
We are interested in the eigenstates of Ĥ l and take the time dependence of the excitations as w l ͑r , t͒ = w l ͑r͒exp͑−i l t͒. It should be noted here that the Bogoliubov equations with different l are independent. Usually, the summation in Eq. (6) is done for both positive and negative l which correspond to the angular momenta of excitations, and the normalization condition ͉͗u l ͉ 2 − ͉v l ͉ 2 ͘ =1 ͑Ͼ0͒ is imposed, where ͗¯͘ϵ2͐ 0 ϱ¯r dr. In this case, however, we remove this normalization condition and restrict l ജ 0, since the eigenvalue equation for −l is just the same as that for l when one replaces u l , v l , and l with v −l , u −l , and − −l , respectively. Then we define the angular momentum l ex of excitations by comparing the amplitudes of components exp͑±il͒ as
To specify the sign of the angular momenta, we use w l ͑u͒ and w l ͑v͒ for the eigenfunctions of l ex = l and l ex =−l, respectively. The excitation energy is also defined by
reflecting the relation l =− −l . This is confirmed by expanding the Hamiltonian up to the second order in perturbations.
C. Complex eigenmodes and orthonormality
Equation (7) is allowed to have complex eigenfrequencies since it is a non-Hermite eigenvalue equation [12] . Here, we derive the normalization and orthogonality conditions for eigenmodes including CE modes.
Consider two eigenmodes w lm,n of Eq. (7) with eigenfrequencies lm,n . Using the property of the Hermitian operator
where T denotes the transpose, one obtains the equation
When two eigenstates have different eigenfrequencies ͑ lm ln ͒, they are orthogonal: ͗w ln T w lm ͘ = 0. In particular, in the case when w l is complex with a complex eigenvalue l , its complex conjugate w l * is also an eigenstate with eigenvalue l * . The orthogonality condition for w l and w l * is written as
According to Eqs. (10) and (11), a CE mode corresponds to the excitation with zero angular momentum and zero excitation energy. Equation (12) indicates that ͗w ln T w ln ͘ can be normalized. For a real-eigenfrequency (RE) mode, we choose the phase so that the eigenfunction is real. Then the normalization constant is defined to be consistent with its angular momentum as
For a CE mode, we divide the eigenfunction into two real functions w ͑R,I͒ as w l = ͑1/ ͱ 2͒͑w
The phase of w l is determined in such a way that the following conditions are satisfied:
With these conditions, the CE mode indeed satisfies Eq. (13) and the normalization conditions ͗w l T w l ͘ = ͗͑w l * ͒ T w l * ͘ = 1. According to Eq. (15a), the functions w ͑R,I͒ correspond to positive-and negative-angular-momentum excitations (not eigenstates). We use the expressions w lm Ј ͑u͒ and w ln Ј ͑v͒ instead of w ͑R,I͒ , respectively, and treat them and the other eigenmodes equally.
In this way, the orthonormal basis set w ln ͑u,v͒ has been constructed with the following conditions:
͗w lm ͑u͒T w ln ͑v͒ ͘ = 0. ͑16b͒
III. ENERGY SPECTRUM A. Collective excitations with =0
First, we investigate at the noninteracting limit ͑ =0͒. The equilibrium state satisfies D͑L͒A͑r͒ = 0. The eigenfunction F n L and eigenvalue E n L are given analytically by
where n =0,1,2,... denotes the radial quantum number and L n L ͑x͒ is the generalized Laguerre polynomial function. The coefficient C n L is defined by the normalization condition ͗F n L ͑r͒ 2 ͘ = 1. The stationary state A 0 ͑r͒ and its chemical potential 0 are
The Bogoliubov equation with = 0 decouples into the independent equations
where we write eigenfunctions and eigenfrequencies with = 0 in capital letters. The solutions are
e., the set of eigenmodes is given by
having eigenfrequencies Figure 1 shows the excitation spectra with =0 with respect to the equilibrium state with a quadruply quantized vortex ͑L =4͒. There are a few negative energies among the spectra of 1 ഛ l ഛ 2L − 1. These NE modes come from the fact that 0 is not a ground state. For a noninteracting BEC, NE modes correspond to the eigenstates in the trap with lower energies than 0 . The existence of these various NE modes shows how unfavorable the multiply charged vortex is.
In the case of a nonisolated system, the energy of the condensate does not need to be conserved. It decreases through the growth of NE modes, leading to the vortex decay. In an isolated system, however, the energy must be conserved and the excitation which can cause the vortex decay is not a NE mode but a CE mode, as we will show in the following.
B. dependence of energy levels
To calculate the energy spectrum for Ͼ 0, we expand the eigenmodes w l in W ln ͑u,v͒ as 
where n =0,1, ... ,N and A͑r͒ , are the numerical solutions of Eq. ഛ l ഛ 7 as expected from the result for = 0. The CE modes appear for 2 ഛ l ഛ 6. The imaginary parts of the complex eigenfrequencies are shown in Fig. 2 , which agrees well with the results for doubly and triply charged vortices [12] . The origin of the CE modes is made clear by plotting them as functions of . Figure 3 shows the excitation spectra with l = 2. Each eigenstate is identified by a radial quantum number n =0,1,2,... and the sign of the angular momentum u , v. 
where c is the complex eigenfrequency, and we have used the relations
Im c = ͗w 20 ͑u͒T Ĥ 2 w 20 ͑v͒ ͘. ͑25b͒
Equation (24) clearly shows that the two excitations w 20 ͑u,v͒ are coupled to each other and should be created or annihilated together.
In the above discussion, the NE mode is important for the appearance of CE modes. In the case of l = 2, there exists only one NE mode, w 20 ͑v͒ . Therefore, all CE modes with l = 2 are found by tracing ⑀ 20 ͑v͒ . We also present the spectra for l = 4 in Fig. 4 , where the solid lines represent ⑀ 4n ͑u͒ . There exist two negative-energy eigenvalues ⑀ 40 ͑v͒ and ⑀ 41 ͑v͒ which are plotted by broken lines. We have confirmed that the NE mode Fig. 3(a) . There are two NE modes and both turn into CE excitations. The point P corresponds to P in Fig. 2 (see text) . Fig. 2 ).
The dependence of negative-energy eigenvalues is also important in this mechanism. Since their dependence differs from that of positive energies, many CE modes appear [ Figs. 3(a) and 4]. The qualitative account for the dependence can be given by introducing the effective potential
which is easily derived from the Bogoliubov equation for negative-angular-momentum ͑−l͒ excitations. When the equilibrium state contains a vortex, the A 2 term produces a potential well centered at the vortex core [10] . On the other hand, the second term represents the centrifugal potential depending upon the angular momentum of the fluctuation. This term makes the well narrower as ͉L − l͉ increases. A NE mode corresponds to a bound state of the well, and therefore shows different dependence from the others.
There are two effects on the negative-energy eigenvalues associated with the change of . By increasing , (i) the chemical potential increases as well, leading to a deeper well and smaller energy eigenvalues and (ii) the coherence length (i.e., vortex core size) decreases, leading to a narrower well and larger energy eigenvalues. In the case of l =4 ͑=L͒, the negative-energy eigenvalues decrease rapidly as increases by (i). In contrast, the l = 1 negative energy eigenvalue increases due to (ii). Therefore, the condition ⑀ 1n ͑u͒ + ⑀ 10 ͑v͒ = 0 cannot be satisfied with any eigenmodes w 1n ͑u͒ , and no CE mode appears.
IV. PATTERNS OF VORTEX SPLITTING
So far our discussion has been based on the spectrum analysis. We have found that the CE mode corresponds to a zero-energy excitation and should grow in an isolated system. In this section we consider the possible patterns of vortex splitting.
A. Vortex structure with elementary excitations
Here, we analyze the structure of BEC with fluctuations. The wave function perturbed by an eigenmode w l is written
iL , where ␦ is a small and real constant. The structure of the vortex core in equilibrium can be described with an asymptotic form A͑r͒ϳr L ͑r → 0͒. The eigenmode at the center also behaves as u l ϳ r ͉L+l͉ and v l ϳ r ͉L−l͉ . Then the perturbed wave function is written in the lowest order of r as ϳ ␦r ͉L−l͉ e i͑L−l͒ , i.e., an ͑L − l͒-charged vortex exists at the center. One also finds that the condensate has l-fold symmetry by linearizing the density with respect to ␦:
͑27͒
Assuming the conservation of the total angular momentum, splitting of an L-charged vortex obeys the rules (i) an ͑L − l͒-charged vortex stays at the trap center, and (ii) l singly quantized vortices are arranged in l-fold symmetry. Although the above rules are applicable to both RE and CE modes, only the latter can grow exponentially and cause large changes of the condensate with a small perturbation. In the following, we investigate the effect of CE modes on the time development of a vortex state.
B. Projection to elementary excitations
We solve the GPE numerically and simulate the time development of splitting process. Regarding the time evolution of a condensate as individual developments of elementary excitations, we again expand the time-dependent wave function as
͑28͒
Conversely, u l and v l are written by using ͑r , , t͒ as
We expand w l ͑r , t͒ in eigenmodes of the Bogoliubov equation as
By using the orthonormal conditions (16), the coefficient is given by ␥ ln ͑u,v͒ ͑t͒ = ±͗w ln ͑u,v͒ ͑r͒ w l ͑r , t͒͘, where the upper (lower) sign is for the superscript u ͑v͒.
In which is growing and the other is diminishing.
C. Time development of vortex structures
The solution of Eq. (4) remains stationary without any perturbations. We distort the trap potential in the l v -fold symmetrical form as V tr ͑r , ͒ = Fig. 6(a) ]. As the complex mode grows, the vortex split into four singly quantized vortices arranged in threefold symmetry [ Fig. 6(b) ]. The interaction of the CE modes results in the oscillation of distances among the cores. The divided cores in Fig. 6(b) move toward the center again as shown in Fig. 6(c) and oscillate between these two states. In the oscillation, singly charged vortices never return to the quadruply charged vortex. Their average distance becomes larger and larger. Simultaneously, the center core begins to vibrate and the condensate becomes more and more distorted. The energy of the multiply charged vortex is gradually transferred to the excitation energies of RE modes.
We have also investigated the coexistence region of several CE modes. We have simulated at = 340 where CE modes of l = 2 , 3, and 4 exist. This fact means that the splitting patterns can be controlled by the initial distortion.
As we have mentioned before, the symmetry of the configuration of vortices agrees with l v , i.e., the angular momentum of excited states. At the center of the trap, however, a doubly quantized vortex, which appears in l = 2 splitting, seems unstable and soon decays into two singly charged vortices [ Fig. 7(a) ].
V. CONCLUSION
We have calculated the collective excitation spectra of a BEC with a quadruply charged vortex, and discussed the origin of CE modes. A CE mode is decomposed into two excitations, whose total energy and angular momentum are equal to zero. This fact allows the CE mode to grow without any dissipative processes. To satisfy energy conservation, one of the elements must be a NE mode. Its dependence affects the appearance of the CE mode. We have found all of the CE modes existing in the region 0 ഛ ഛ 4000 (Fig. 2) .
The possible patterns of vortex splitting are classified by the angular momenta of fluctuations. These structures have been confirmed by the numerical simulations of splitting. Moreover, the selection of the patterns has been found to be possible by manipulation of the trap symmetry. The intrinsic splitting is caused by a CE mode, and if one chooses the (i.e., the number of trapped atoms) so that a CE mode exits, the splitting corresponding to the CE mode occurs. The CE mode is efficiently excited by controlling the symmetry of the trap, even in the case when several CE modes coexist.
In this paper, we have assumed a pancake-shaped BEC and taken a two-dimensional approach. In a cigarette-shaped BEC as in the experiments, three-dimensional simulation shows that the splitting cannot be recognized by time of flight because of the excitation along a vortex line [14] .
